Berry Phases and Quantum Phase Transitions 



Alioscia Hamma 1 ' 2 

; Institute for Scientific Interchange (ISI), Villa Gualino, Viale Settimio Severn 65, 1-10133 Torino, Italy 
2 Department of Chemistry, University of Southern California, Los Angeles, CA 90089 

We study the connection between Berry phases and quantum phase transitions of generic quantum many-body 
systems. Consider sequences of Berry phases associated to sequences of loops in the parameter space whose 
limit is a point. If the sequence of Berry phases does not converge to zero, then the limit point is a quantum 
critical point. Quantum critical points are associated to failures of adiabaticity. We discuss the remarkable 
example of the anisotropic XY spin chain in a transverse magnetic field and detect the XX region of criticality. 
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Introduction. — When the small variations of an external 
parameter cause a fundamental change in the macroscopic 
features of a physical system at zero temperature, we say that 
the system has undergone a quantum phase transition (QPT) 
At T — 0, of course, phase transitions cannot be driven 
by thermal fluctuations. Nevertheless, they can be possible 
because of quantum fluctuations due to the Heisenberg uncer- 
tainty principle. While classical phase transitions are marked 
by singularities in the free-energy density, points of quantum 
phase transitions are marked by points of non-analyticity in 
the energy density of the ground state. First-order QPT are 
characterized by a discontinuity in the first derivative of the 
ground state energy, while second-order QPT have disconti- 
nuities in the second derivative of the energy density. In these 
points, the energy spectrum is gapless and some characteristic 
length scale diverges, like the equal-time correlation functions 
in the ground state. Higher order quantum phase transitions 
correspond to discontinuities in the higher order derivatives 
of the energy but are of little physical interest. In general, any 
continuous QPT consists in the spectrum becoming gapless at 
the critical point 1 1]. Another way to look at quantum phase 
transitions is to look at the many-body ground state of the sys- 
tem. A quantum phase transitions results in a non analyticity 
of the many-body eigenstate. First order quantum phase tran- 
sitions arise from a level crossing in the many-body ground 
state, and can hence also happen in finite size systems and 
in this case it is the many-body ground state to be discontinu- 
ous. On the other hand, second order (or continuous) quantum 
phase transitions come from a higher order singularity in the 
ground state. In order to obtain an exact transition, it is nec- 
essary the thermodynamic limit. The system becomes gapless 
in the limit of the critical point, and excitations with arbitrary 
low energy are possible. Recently, it has been showed that the 
overlap between two ground states for different parameters is 
singular at the quantum critical point \ 2}. 

Quantum phase transitions are a very rich field of physics 
that has seen recently a great development from both the the- 
oretical and experimental point of view in systems like high- 
ly superconductors, quantum Hall systems, fractional quan- 
tum Hall liquids, quantum magnets and so on 1 1]. Moreover, 
quantum phase transitions can occur between phases that are 
not characterized by any local order parameter or symmetry 
breaking description, but that have different quantum order, 
which is one of the most exciting and novel streams of re- 



search in theoretical condensed matter |3]. Recently, quan- 
tum phase transitions have been studied in the context of the 
theory of entanglement where points of quantum phase transi- 
tions are believed to be connected to points of extremality for 
the entanglement or its derivatives J4J]. 

In this paper, we study the connection between Berry 
phases and quantum phase transitions. Since the seminalpa- 
per of M. Berry |5J and the previous work by Stone |6] it 
was clear that Berry phases have a particular behaviour near 
points in which a state becomes degenerate with some other 
state. For instance, consider the case of a quantum system 
described by a family of two-level real Hamiltonians. The 
parameter space is 2-dimensional and points of degeneracy 
have co-dimension two, that is they are isolated points. If an 
eigenvector acquires the phase factor —1 when taken around 
a circuit C, then the circuit C encloses one degeneracy, even 
for arbitrarily small circuits. In many-body quantum systems 
points of degeneracy of the Hamiltonians are quantum criti- 
cal points of the first order which suggests the possibility that 
Berry phases have some non trivial behaviour near all quan- 
tum critical points. Of course, in general quantum critical 
points are not isolated points and this adds some complica- 
tion. 

The main result of this paper is that if we find a sequence of 
loops in the parameter space converging to a point Ao and the 
corresponding Berry phases taken by an eigenvector drawn 
around those loops do not converge to zero, then Ao is a quan- 
tum critical point of some order. We call such a sequence of 
Berry phases non-contractible. Carollo and Pachos |7], have 
first showed a connection between the difference of Berry 
phases between first excited and ground state, and criticali- 
ties in the XY spin chain. In this paper, we provide a general 
theory of the connection between Berry phases and quantum 
phases transitions, and, in discussing the XY spin chain, we 
compute the Berry phase of the ground state to prove that a 
non contractible sequence of Berry phases does imply a quan- 
tum phase transition. 

Topological considerations to detect degeneracies. — De- 
tecting degeneracies of a continuous Hamiltonian that de- 
pends on a set of external parameters has been a subject of 
study within a field of molecular physics for several decades 
now. The first paper that addressed this problem goes back 
to year 1963 when Herzberg and Longuet-Higgins |8] discov- 
ered the sign reversal of a real electronic eigenfunctions when 
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continuously transported around a degeneracy. This property 
was subsequently used by Longuet-Higgins 1 9] to state a topo- 
logical criterion for detecting degeneracies of real Hamiltoni- 
ans. As a generalization, Stone [6] presented a general crite- 
rion for a genuinely complex Hamiltonian (Hamiltonian that 
does not have time-reversal symmetry). A further generaliza- 
tion, formulated by Johansson and Sjoqvist lHoll for the case 
of real Hamiltonians, was shown to be optimal. 

The proof of Stone is very instructive: consider a family of 
Hamiltonians parametrized by a manifold Q and a 3d volume 
V e Q bounded by a closed surface G. We assume G being 
a surface on which no level-crossing occurs and the adiabatic 
theorem can be safely applied. The points of degeneracy in 
Q have dimension q — 3 11111 . In the case of real Hamiltonians 
points of degeneracy have instead dimension q — 2 (see for ex- 
ample 1 12]). Consider now a set of loops {Tj}jL-y on G that 
for M — ► oo continuously span the surface G. Then, to each 
loop and each non-degenerate eigenvalue i, we can assign the 
corresponding Berry phase 7]. We assume Ti and Tm are in- 
finitely small, and therefore 7J = and 7^ = 2nli, h G Z. 
If U = 0, we call the surface G the phase-preserving surface, 
for the value i. Otherwise, G is phase-rotating. In a phase ro- 
tating surfaces the phase factors trace a circle in their Argand 
plane. Note here that being phase rotating or preserving is a 
property of the whole surface G (and the eigenvalue i), and not 
of a particular loop Tj . If we bisect the volume V, at least one 
of the two surfaces enclosing the two volumes must be phase- 
rotating, and we can hence construct by successive bisection 
a sequence of arbitrarily small phase rotating surfaces con- 
verging to a point Ao G Q. Being arbitrarily small and phase 
rotating this surface contains arbitrarily small loops whose as- 
sociated phase factor are finite. Then the wave-function must 
be discontinuous in Ao and therefore it is a point of degener- 
acy. 

Can we use the Stone's test to detect quantum critical 
points? The answer is no for two reasons. The first one is that 
in general quantum critical points are not isolated and then we 
are not guaranteed we can construct a suitable surface G. The 
second reason is that only first-order quantum critical points 
can be detected even when they are isolated. Nevertheless, if 
we are able to find a sequence of loops converging to a point 
such that the geometric phase remains finite we could still ar- 
gue that there is a level-crossing involved. Moreover, in the 
thermodynamical limit, we can demonstrate that is either a 
level crossing or an avoided level crossing, as we are going to 
show in the next section. 

Berry phases and quantum phase transitions. — The basic 
idea of this paper is that if Berry phases do not go to zero 
as we shrink the loops around a point Ao in the parameter 
space Q, then that is a quantum critical point. Consider a 
simply connected k — dim manifold Q of physical parameters 
A = (Ai, .., Afc) G Q and let H (A) be a family of Hamilto- 
nians on the Hilbert space Tt, with a A— independent domain 
D, bounded from below, and the functions H(X) with values 
in the Banach space of linear operators L(D, H) are k times 
continuously differentiable. The Hilbert space is thought to 
be with finite degrees of freedom. Moreover the spectra of 
the Hamiltonians are discrete. We remind that two Hamiltoni- 



ans Hq and Hi are adiabatically connectible if they belong to 
the same connected component of iso-degenerate Hamiltoni- 
ans Il3ll . This happens when the vectors of the degeneracies 
are the same. Writing the Hamiltonians in their spectral res- 
olution, H a = Yli=i e a^a ( a = 0) 1) can be infinite), 
we can define the degeneracies vector associated to H a as 
D a :— (trF!*, tril^), ordering the components according 
to the crescent order of the corresponding eigenvalues. The 
fact that two Hamiltonians Hq and Hi are adiabatically con- 
nectible does not mean that we can adiabatically turn one into 
the other just changing the parameters in Q. For this we need 
an adiabatic surface: a surface S in the parameters space Q 
is said adiabatic if i) D(X) is constant on S, and ii) The pro- 
jectors IF (A) are of class C 3 . On an adiabatic surface, for 
every curve there is a parametrization such that the adiabatic 
theorem holds. 

When the adiabatic curvature diverges in a point, no adia- 
batic evolution is possible for some trajectories through that 
point: let S — {Ao} be an adiabatic surface in Q. Con- 
sider the adiabatic curvature |5[ defined by F J = F? dp A 
dv = -lm{d/dX^{j{X)\) ■ (d / dX v \j{X)))dX> M A dX v . Where 
\j{X)) is the j— th eigenvector of H(X). If the curvature 
diverges in Ao, i.e., lirriA^Ao ll^ll = +00, then the sur- 
face is non adiabatic in Ao- Indeed, consider the projector 
IP'(A) = |j(A))(j(A)| and its derivatives d/dA"IP'(A) = 
d/dX fl (\j(X))(j(X)\). The divergence of F implies that for 
some p, 

Now consider a regular curve X s : s G [0, 1] — » X(s) G 
Q such that X(sq) = Ao with sq G [0, 1]. For every 
parametrization of this curve, we obtain lim s ^ Sf) || dn d ^ || = 

lim^o || dX ^ x i X ' 11 I dA 2 I = +00, which means that 
1 1 dH n /ds 1 1 diverges along every regular curve in the limit 
s — > so and hence the Hamiltonians on the curve X s are not 
adiabatically connectible in Ao. 

Proposition 1. — Consider a fc— differentiable family of 
Hamiltornians H(X) such that S C Q is an adiabatic sur- 
face everywhere but in the point Ao. We also assume that, 
for the ground state \j), \\d^,H\j)\\ is finite for every /1. Let 
us consider a sequence of loops r r converging to some point 
Ao G Q, that is, lim r ^. 0O r r = Ao and such that along ev- 
ery r r we can apply the adiabatic theorem. Let us compute, 
for the ground state \j), the corresponding Berry phases 7^ 
and let the associated sequence of Berry phases {7^ } be non- 
contractible, i.e., lim,,-^ 7^ ^ 0. Then S is not adiabatic in 
Ao and Ao is a quantum critical point. Notice that we do not 
need to be able to apply the adiabatic theorem in Ao, which is 
the candidate critical point. 

Proof. — Consider the curvature associated to the Berry con- 
nection _F J = dA> = F^ v dpf\dv. The Berry phase associated 
to the loop r for the ground state \j(X)) is given by the flux 
of F through the surface S bounded by T: 7 = — J F^ . If 
we shrink S to the point Ao, the flux goes to zero unless F^ 
diverges in norm in Ao- Therefore S is not adiabatic in Aq. 
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Using the resolution of the identity, we can write F 3 as 

^ (j\d^H\m)( m \d„H\j) 



F 3 

flis 



{E rn — EjY 



(2) 



Now let AE = inf m \E 5 - E m \ and A$ m = (j\d,,H\m). We 
have 



K\ < E 

1 



(E m — Ej) 



< 



(AEf 



< 



(AE) 



\d^H\j)\\.\\d v H\j)\\ 



2 II^M 



where the last inequality follows from the Cauchy-Schwarz 
inequality. The numerator of the above expression is finite 
and thus if F^ diverges in norm in Ao then AE must go to 
zero in the same point. Since \ j) is the ground state, then Ao is 
a quantum critical point because we have a level crossing and 
thus a first order QPT. This proposition is easily generalizable 
to Hamiltonians that have a continuous spectrum, as long as 
the low energy sector is discrete. We do not need to have 
infinite degrees of freedom for a first order QPT. 

Nevertheless, continuous phase transitions are possible in 
the thermodynamic limit. We want to show that the diver- 
gence of the curvature still implies gaplessness for a system 
in the thermodynamic limit. Consider a sequence of families 
of Hamiltonians {H n (X)} n ^. Here n means the number of 
degrees of freedom, so the thermodynamic limit is the system 
described by n^oo. Let us assume that for every finite n, the 
surface S is adiabatic. Then no first order QPT is possible and 
for every finite n, lim^oo 7^(n) = 0. But it could happen 
that for n^r + oo some gap with the ground state closes, thus 
leading to a continuous QPT. To perform the thermodynamic 
limit, we need intensive quantities. So if the normalization of 
the ground state scales like J\f(n), then we need to use the in- 
tensive cuvature F 3 — F 3 / M (n) 2 . Now let the sequence be 
non-contractible only in the thermodynamic limit 



lim lim M{n) 2 j 3 .{n) ^ 



+oo n — *oo 



(4) 



Then \F 3 \ diverges in Ao and because the numerator of 
Eq.Q will now diverge like Af(n) 2 , this implies again that 



limi 



AE = 0. 
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Example: the XY spin chain. — In this section we show 
a remarkable example illustrating how a non-contractible se- 
quence of Berry phases reveals quantum criticalities. Let us 
consider as an example the XY model. It represents one- 
dimensional anisotropic spin chain subjected to an external 
field along the z axis. The system is given by the following 
Hamiltonian if (7, A): 



H(X,7) = - 



M 

E 

i=-M 



1+7 ^x-x 



1-7 



-1 + A5$ 



(5) 

Here, the parameter 7 G [0, +oo[ represents an anisotropy 
in the next-neighbor spin-spin interaction, while A G R 
is an external field. The operators of , a G {x,y,z} are 



the usual Pauli operators. We will consider the more gen- 
eral Hamiltonian H(X,j,<f>) = g({p)H(X,j)g'((f)), where 



m = n 



M 
i=-M ' 



i&!H2 > with ^ e [0,2tt). This way, the 



parameter space is the simply connected three dimensional 
Euclidean space Q = R 3 . This Hamiltonian can be di- 
agonalized by successively applying Jordan- Wigner, Fourier 
and Bogoliubov transformation (for details, see yj]), after 
which we obtain the free fermion Hamiltonian H(X,j,(f>) — 
Ylk=-M Afc&fe&fe- The energies Afe of one-particle excitations, 

■7 2 sin 2 ^, 

A. The ground state of this Hamiltonian 



defined by the operators are Afc = J e 



(3) with gfc = cos 



JV 



is given as a product of qubits in the following way: 



\g) 



fe=l 



COSy|0) fc |0)_ fc 



ie 2 ^sin^|l) fe |l)_ fc 



(6) 



where |0}fc and \ l)k are the vacuum and first excited states of 
the mode dk introduced by the Fourier transformation, while 

b k = cos^dfe - ie 2 ^sin^d! fc and cos6> fc = e k /A k = 

(cos — - Aj ((cos — - A) +7 sin —) 

The XY model exhibits three regions of criticality. The 
XX region of criticality is defined by the following condi- 
tions: 7 = and A 6 (—1, 1); the XY regions of criticality 
are given by the two planes defined by A = ±1, and the Ising 
region of criticality is defined by 7 = 1. 

We want to show that the XX region of criticality is char- 
acterized by the existence of a non-contractible Berry phase. 
The critical phenomena in the XX region are given by the 
existence of the gapless excitations defined by b\ , where 



cos 



N 



A ko = 0. Note that, as k E {1 



A, which is a consequence of the condition 
M}, the above condi- 
tion can, for a general A G (—1,1), satisfied in thermodynam- 
ical limit (N — > 00) only. In the continuum limit we define 
x = linijv^oo 2%k/N and hence we have cosxo = A. So, as 
long as M remains finite, we have 1 18] 



lim cos 8 k 

7^0 



±1 



(7) 



For 7 = 0, the ground state is hence given by the set 
of conditions: cos 6^ = sgn(efe) = ±1, i.e., \g(X, 7 = 
M;M)) = <g) fc<fco |0} fc |0)_ fe (g) fc>fco |l) fc |l)_ fc . The Berry 
phase acquired by the ground state of the system upon adia- 
batic change of the parameter <j> from to ir (with A and 7 
fixed) can be easily calculated if we observe that the ground 
state has a formal structure of a tensor product of pure states of 
M qubits, each defined by the angles 8 k and <fi. Then, the over- 
all Berry phase is just the sum of M one-qubit Berry phases 
(note that, although <j> G [0, 7r], each qubit state makes one 
complete loop in parameter space due to the 2 factor in the 
exponent): 



<p(M) 



d 



M 



M 



-1 / 191 
10 



\g) = E 7r ( 1 ~ cose k ) = E^fe 



k=l 



k=l 



(8) 

where by ip k = 7r(l — cos 8 k ) we denote a single-qubit Berry 
phase, defined by the number k. Using the expression for the 
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ground state and Eq.Q we find that, for all k and every finite 

M, 



lim ipk — 0, 27r 



(9) 



and henceforth f{\g)) = 0,2tt. So for finite M, the Berry 
phase acquired by the ground state is always trivial. Neverthe- 
less, in the thermodynamical limit, there is always a solution 
for cos 8k = <^4> cos x = A. This implies that (p ko = it for 
every 7 > and hence lim 7 ^o fk — tt. Direct calculation 
shows that Eq.(|8j and l|9} imply 



lim lim —<p(M) + 



(10) 



so the sequence {tp ln (M )} nS N is non contractible in the ther- 
modynamic limit and therefore the XX criticality is detected 
by a non-contractible Berry phase. In a recent work, Car- 
ollo and Pachos |7] have computed the difference of the Berry 
phases acquired by the ground state and the first excited state 
for loops around the XX region of criticality and found that 
this relative Berry phase is non trivial and converges to — tt as 
7 tends to zero. This is because this relative Berry phase is, 
in the limit 7^0, the one (with opposite sign) taken by the 
single equatorial qubit defined by k . 

Conclusions and perspectives. — In a critical system near 
zero temperature quantum fluctuations, due to the Heisenberg 
principle, can drive transitions between one phase and an- 
other, that is from one internal order to another one. In this 



paper, we have shown that the non contractibility of Berry 
phases for the ground state is associated to quantum phase 
transitions and to a failure of adiabaticity because of the di- 
vergence of the Berry curvature. 



It is very interesting that quantum physics revealed that 
internal orders of the matter are not always described by 
Landau-Ginzburg or local order parameters and breaking of 
symmetry 1 14j], as it has been pointed out since the discov- 
ery of fractional quantum Hall liquids ifTM fl^l . At very low 
temperatures, the internal order of strongly correlated systems 
like systems with strongly correlated electrons consists of the 
pattern of how the electrons move with respect to each other 
and there can be different phases with the very same symme- 
tries. Novel notions like quantum and topological order have 
been proposed [ 16]. The world of quantum orders is a very rich 
and largely unexplored field of quantum physics and it would 
be intriguing to use Berry phases to distinguish different quan- 
tum or topological orders, like a string-condensed state from 
one without string condensation. 
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